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Abstract
Objectives: The power of genetic association studies is limited by stringent levels of statistical significance. To improve
power, Bayes factors (BFs) have been suggested as an alternative measure to the p value, and Storey recently introduced an optimal discovery procedure (ODP) for multiple
testing. We aimed to adapt the ODP to genetic case-control
studies and to compare its power to p values and asymptotic BFs (ABFs). Methods: We propose estimators of the ODP
based on prospective and retrospective likelihoods. We performed simulations based on independent common SNPs
and on sequence data including rare variants. Effects of
causal SNPs were simulated under various distributions of
effect size. Results: The true ODP is never outperformed, but
the estimated ODP has similar power to p values and ABFs.
For common SNPs the ODP offers power advantages only in
extreme scenarios. However, for rare variants the ODP and
ABF detect more associations at low false-positive rates than
do p values. Conclusions: The ODP can provide higher power than p values for genetic case-control studies of common
variants. However, as the ABF has similar power to the ODP
and is computed more rapidly, it is our currently preferred
method.
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Introduction

With recent advances in high-throughput genotyping
technology, increasing numbers of genome-wide association studies (GWAS) are being performed to identify single nucleotide polymorphisms (SNPs) and other variants
underlying complex traits. Although GWAS have been
successful in discovering many validated associations, it
is clear that much heritable variation remains to be discovered, owing in part to the limited power of GWAS [1].
Factors that restrict the power include susceptibility variants of low frequency, variants with small to modest effects, incomplete linkage disequilibrium (LD) between
markers and susceptibility variants and stringent thresholds of statistical significance when testing thousands of
SNPs simultaneously [2]. Given practical constraints on
the sample sizes that can be collected, approaches to improve the power of GWAS are desirable. Although the
genetic architecture of a complex trait is immutable, power can be improved through study design and improved
statistical methods.
The initial analyses of a GWAS consist of single-locus
association tests of each marker with the trait using, typically, logistic regression for case-control studies and linear regression for quantitative traits [3, 4]. A summary
measure of significance, usually a p value, is obtained for
each SNP, and a threshold is applied to determine which
SNPs are associated. Replication is considered mandatory before associations are regarded as established [5], and
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selection of SNPs for replication can be based on a number of top-ranking SNPs, or the SNPs whose p value is
smaller than a threshold, or a pragmatic combination of
both criteria. Specification of a p value threshold is guided by control of a particular error rate such as the familywise type-1 error [6], false discovery rate (FDR) [7, 8] or
false-positive reporting probability [9–11]. We are not
concerned here with the relative merits of different error
measures, which have been discussed elsewhere [12, 13],
but note that all are based upon summary statistics,
which (at least for FDR) have been sorted into rank order.
By far the most commonly used summary is the p value,
but recently there has been increased interest in testing
associations using Bayes factors (BFs) [4, 13, 14]. Bayesian
methods alleviate some of the limitations of p values; for
example, the strength of evidence given by BF does not
depend on factors that affect power such as sample size
or minor allele frequency (MAF). On the other hand,
Bayesian analysis requires the specification of a prior distribution for the effect size of truly associated SNPs. See
Stephens and Balding [14] for a discussion of Bayesian
methods in genetic association studies.
The optimal discovery procedure (ODP) [15] both formalizes a concept of optimal multiple testing and suggests
a means to reconcile p values and BFs. Storey [15] developed the ODP in a frequentist setting, and the criterion it
optimizes is based on frequentist concepts of true- and
false-positive rates over repeated sampling. However, it
can be readily interpreted as an empirical BF that draws
its prior from the ensemble of tests performed [15]. The
advantage of the ODP compared to single significance
tests is that when testing each SNP, it borrows strength by
using information from all SNPs tested in the study. Specifically the ODP for a particular SNP involves considering the true effect size and the null effect size for the entire
set of SNPs in the study. In this way, SNPs with similar
effect sizes will reinforce each other, and tests that capture
common signal structure in the dataset are enhanced. It
is optimal in the sense that it maximizes the expected
number of true positives (ETP), given a fixed expected
number of false positives (EFP). However, the optimality
property only applies when the true effect sizes of all SNPs
are known, which is not the case in practice. In applications the ODP must be estimated, which may entail a loss
of power compared to the theoretical optimum.
To date, the ODP has only been applied to quantitative
gene expression data in relatively small microarray studies [16]. In this paper, we discuss the application of the
ODP to large-scale case-control data. We propose estimators based on both prospective and retrospective likeli38
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hoods, and compare the power of the estimated ODP to
the true ‘oracle’ version. Specifically, we use simulation
studies to compare the power of the theoretically optimal
ODP and its estimated version to p values from singleSNP logistic regression and the asymptotic BF (ABF) derived by Wakefield [13]. Our main findings are that,
whereas the true ODP is never outperformed, the estimated ODP offers advantages over the p value and ABF
only in extreme simulation scenarios. In realistic scenarios the estimated ODP yields a similar number of true
positives compared to the p value and ABF, and no method exhibits a clear advantage in power when applied to
common SNPs. However, when rare variants are present,
the ODP and ABF do show a clear increase in power over
the p value at low false-positive rates. This may become
important as attention turns to studies of whole-sequence
data [17, 18]. Taking computational complexity into account, the ABF seems to offer the most attractive operating characteristics among the approaches considered,
provided a low false-positive rate is used.

Methods
Logistic Regression
For testing association in case-control data, a common approach is to use a logistic regression model of the form:
 p ¬
log  i   ␤0 j
1  pi ®

␤1 j xij

ij ,

(1)

where pi is the probability that subject i in the study is a case, parameter ␤0j represents the log-odds of being a case for people with
a baseline genotype at SNP j, parameter ␤1j measures the increase
in log-odds due to the genotype of subject i for SNP j coded by the
variable xij, and ij are random errors, assumed to be normally
distributed about zero. Various codings are possible for xij corresponding to different genetic models: for example, if subject i carries 0, 1 or 2 copies of the minor allele at SNP j, xij equals 0, 1, 1,
respectively, for a dominant disease model; 0, 0, 1 for a recessive
model; or 0, 1, 2 for a log-additive model. We will henceforth assume the log-additive coding, but all expressions can easily be rederived for recessive, dominant or other codings.
The likelihood function is
N

L ␤0 j , ␤1 j ; x j , y   piyi 1  pi

1  yi

,

(2)

i 1

where y = (y1, ..., yN) is the case-control indicator with yi = 1 for
cases, 0 for controls.
Maximum likelihood estimates (MLEs) ␤ˆ 0j and ␤ˆ 1j are used
to test for association at SNP j comparing the null hypothesis H0:
␤1j = 0 to the alternative H0: ␤1j 0 0. p values can be derived from
the standard methods including the likelihood-ratio and score
tests. The Wald statistic ␤ˆ 12j/Vj ⬃  12 , where 冪Vj is the (estimated)
standard error of ␤ˆ 1j, is of particular note for its relation to the
ABF described below.
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Bayes Factors
We wish to determine whether the data are generated under
the null hypothesis H0 or the alternative H1. The marginal likelihood for hypothesis Hk, k = 0, 1, is the probability of observing the
data given that the hypothesis is true:
p x j , y |H i  ¨ L  ; x j , y |H i p  |H i d

(3)



where  is a vector of parameters, L(; xj, y 兩 Hk) is its likelihood
function, and p( 兩 Hk) denotes the prior distribution of the parameters under hypothesis Hi. The BF, defined by p(xj, y 兩 H1)/
p(xj, y 兩 H0) measures how much the data have increased or decreased the odds of H1 to H0. For values 11 the odds have increased, whereas for values !1 the odds have decreased.
We use the likelihood function for SNP j given by equations 1
and 2, where j = (␤0j, ␤1j). To complete the calculation of the BF
we require the specification of prior distributions p(j 兩 H1) =
p(␤0j, ␤1j 兩 H1) and p(j 兩 H0) = p(␤0j 兩 H0)I(␤1j = 0). For a log-additive effect, the Wellcome Trust Case Control Consortium [4] employ a standardized normal distribution as the prior of ␤0j under
both hypotheses, and an independent N(0, 0.22) for ␤1j under H1,
which translates to a risk allele odds ratio (OR) with 95% of the
distribution in the range –1.5 to 1.5.
Recently, Wakefield [13] proposed an ABF that approximates
the BF for large sample sizes. The ABF is fast and straightforward
to calculate, as it only requires the MLE ␤ˆ 1j and standard error 冪Vj
of the log-OR ␤ˆ 1j, which can be obtained from the output of a logistic regression. In particular, assuming a normal prior N(0, Wj)
on ␤1j, the ABF in favour of the alternative hypothesis for SNP xj
is given by:
1

 z2
¬¯
Wj

¡ V j Wj
j
° ,
(4)
ABF x j  ¡
exp
°
Vj
¡
 2 Vj Wj ®°
¢
±
where z2j = ␤ˆ 12j/Vj is the Wald statistic. Wakefield [13] proposed a
prior variance Wj that is independent of the MAF of SNP j, and
one that varies with the MAF, as it can be argued that smaller
MAFs are associated with larger effect sizes. He also derived a
prior that produces identical rankings between ABFs and p values.
To investigate the accuracy of the ABF, Wakeﬁeld [10] simulated case-control data with varying numbers of cases and controls, MAFs, and relative risks. The exact BF was calculated using
both a rejection algorithm and importance sampling, and the approximation is accurate in all cases [10]. Figure 1B of Wakeﬁeld
[10] displays the approximate BFs plotted against the exact BFs for
a subset of the simulation scenarios, i.e. for a sample size of 250
and 500 cases/controls either under the null model of no association or with a relative risk of 1.3, and MAF 0.05.

Optimal Discovery Procedure
Storey [15] introduced the ODP as a multiple-testing extension
of the Neyman-Pearson lemma and proved that it is an optimal
thresholding procedure in the sense that for any expected number
of false-positive results, the ODP will identify the maximum expected number of true-positive results. This optimality property
can also be expressed in terms of FDR [15].
Suppose that markers 1, ..., M are tested for association. Let the
data for SNP j have null probability density function fj and true
alternative density g j, both of which are assumed fixed and known.

Optimal Significance Testing of SNPs

Without loss of generality, assume that the null hypothesis is true
for tests m = 1, 2, ..., M0. The ODP statistic can be written as:

m 1 g m

M
 m  1 fm
M

SODP x j , y

0

xj , y
xj , y

(5)

,

The null hypothesis is rejected for all markers for which SODP exceeds a fixed threshold  which is chosen to ensure a given EFP.
(This threshold must be estimated by a permutation procedure as
there is currently no asymptotic theory for it.) However, the optimality of the ODP is a theoretical result that applies when the null
and alternative distributions are known. This information in unknown in practice, and therefore the ODP must be estimated. Let
fˆj be the estimator of fj with all its unknown parameters replaced
by their estimates under the constraints of the null hypothesis and
ĝ j be the analogous estimate given by the unconstrained parameter estimates. The estimated ODP statistic is given by:

 m  1 ĝ m x j , y

M
 m  1ˆ m ˆfm x j , y
M

ŜODP x j , y

(6)

,

ˆ serves as an estimate of the true status of each hypothesis
where 
and is necessary because M0 is also unknown in practice.
Storey et al. [16] propose ranking the tests by a univariate statistic, and setting 
ˆ m = 0 for those appearing to be significant and
ˆ m = 1 otherwise. They use a Kruskal-Wallis test for quantitative
data, motivated by speed of computation. For case-control data,
we will consider two choices of test for assigning the weights 
ˆ:
the Fisher exact test of allelic association, and the Pearson test of
the 2 ! 3 contingency table of genotype counts.
A modified version of ŜODP(xj) is given by including the weights
in the numerator as well as denominator:

 m  1 1  ˆ m ˆg m x j , y
M
 m  1ˆ m ˆfm x j , y
M


xj , y 
ŜODP

,

(7)

which could increase power by only considering the likelihood
under the alternative hypothesis for SNPs appearing to be significant.
Application to Genetic Association Studies: Prospective
Model
The first application of the ODP we consider for case-control
data simply uses the likelihood and MLEs from the standard logistic regression model described above. For SNP j the likelihood
is averaged over the MLEs for the full set of SNPs:

 m  1 L ␤ˆ 0m , ␤ˆ 1m ; x j , y
M
 m  1ˆ mL ␤ˆ 0m , 0; x j , y
M

ŜODP x j , y 

,

(8)

where L is the likelihood from equations 1 and 2, ␤ˆ 0m and ␤ˆ 1m are
ˆ 0m is the MLE
the MLEs under the alternative hypothesis, and ␤
under the null hypothesis.
When the case-control sampling ratio varies across SNPs
(such as when genotypes are missing at random), it is desirable to
adjust the intercept parameters appropriately. We describe an approach to this situation in an appendix.
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Application to Genetic Association Studies: Retrospective
Model
The logistic regression used above is prospective in that it
models the probability of being a case, with a given genotype.
However, in a case-control study it is the disease status that is
fixed by design with the genotypes as the unknown outcome, so
that a retrospective model is more appropriate. The widespread
use of the prospective model, which can be computationally easier to handle, is supported by the result of Prentice and Pyke [19]
according to which, in the absence of missing data, the OR estimators from univariate retrospective and prospective logistic
models are equivalent. No such equivalence has been established
for the ODP, however, so here we investigate the performance of
the ODP when it is constructed from a retrospective model which
properly reflects the sampling scheme.
A convenient approach is to define parameters for the genotype frequencies in controls, using a generalized logistic model:
p Xij  g |Yi  0 

exp ␣ gj

(9)

 g  0,1, 2 exp ␣ gj

Pr Xij  g |Yi  0 ¯°
°
¡¢ Pr Xij  0|Yi  0 °±

for g = 1, 2. The genotype frequencies in cases can be written as
[20, 21]



g  0,1,2

␤1 j g

exp ␣ gj

(10)

␤1 j g

LR ␣ j , ␤1 j ; x j , y 
N

Pr Xij  g |Yi  0 ¯°
¢¡
±
i  1 ¡ g  0,1, 2
¢

I xij  g , yi  0

Pr Xij  g |Yi  1 ¯°
¢¡
±

I xij  g , yi  1

¯
° (11)
°
°±

where I is the indicator function taking the value 1 when the operand is true, 0 otherwise.
If we assume Hardy-Weinberg equilibrium in the controls,
which is reasonable for a rare disease, we could instead use an allele frequency model with one free parameter, say ␣1j. We then
define ␣1j { ␣1j + log(2) and ␣2j { 2␣1j.
The ODP estimate for SNP j based on the retrospective likelihood can be written as

 m  1 LR ␣ˆ m , ␤ˆ1m ; x j , y
M
 m  1ˆ mLR ␣ˆ m0 , 0; x j , y
M

R
xj , y 
ŜODP

,

(12)

ˆ m are
where ␤ˆ 1m are the MLEs under the alternative hypothesis, 
estimated from the control subjects and 
ˆ 0m are estimated from
the cases and controls combined. As the retrospective model conditions on the number of cases and controls observed, there is no
need to adjust nuisance parameters  j to reflect a varying sampling ratio, as is done for the prospective model in the appendix.
True ODP
We will use simulations to examine how much accuracy is lost
when estimating the ODP compared to the true ODP using known
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g  0,1, 2

1

g ␤1 j

exp ␥ j

g ␤1 j

 gj

(13)

The genotype frequencies in controls are
p Xij  g |Yi  0 

p Yi  0| Xij  g p Xij  g
p Yi  0

 gj


1

exp ␥ j

g ␤1 j

(14)

1 K

The retrospective model parameters  j can then be fitted to these
frequencies and the intercept for the prospective model is given by

p xij  0|Yi  1 p Yi  1
 log ¡¡
¡¢ p xij  0|Yi  0 p Yi  0
 log ¡¡
¡¢ 1

1

exp ␣1 j

exp ␣1 j

␤1 j

¯
°
°
°±

exp ␣2 j
exp ␣2 j

2␤1 j

rj ¯°
1  rj °°
±

(15)

where rj is the case-control sampling ratio for SNP j.
Simplification is possible under a rare disease assumption,
since then p(Xij = g 兩 Yi = 0) ; gj and the retrospective model
parameters can be fitted directly to the population frequencies.

where ␤1j is the log OR. The retrospective likelihood is then

 ¡¡ 

exp ␥ j



␤0 j  log ¡¡

␣ gj  log ¡¡

p Xij  g |Yi  1 

K

p Yi  1|xij  0 ¯°
°
¡¢ p Yi  0|xij  0 °±

where g = 0 is the reference genotype class with ␣0j = 0 and

exp ␣ gj

model parameters. These parameters can easily be expressed
in terms of those used in generating simulated data. The log ORs
1 are specified directly as are the weights . Suppose we are
given the genotype frequencies in the general population, denoted
(0, 1, 2), and the population prevalence K. Assuming a prospective logistic model for disease with the given OR, its intercept
for SNP j is found by the solution ␥j of

Simulations
We performed simulation studies to compare the power of the p
value, ABF and ODP. We considered a range of simulation scenarios by varying the MAF of the SNPs considered as well as the
risk allele ORs of the causal variants.
We first consider five simulation scenarios in which the SNPs
are independent, that is in linkage equilibrium. In each of them,
the MAF has a uniform distribution in the range of 0.01 and 0.5,
similar to that seen on current genotyping chips, unless otherwise
indicated. In the first scenario, the log ORs of the causal SNPs are
from a Normal distribution centred around zero with a standard
deviation of 0.2. This is the prior that is used by the SNPTEST
software for calculating BFs under a log-additive disease model
[22], and it reflects prior belief that variants contributing to complex diseases have ORs lying in the range –1.5 to 1.5 with 95%
probability. In the second scenario, the log ORs are from an Exponential distribution with rate 1/log(1.2), which implies that the
OR has a mean value of about 1.2 with 90% probability !1.5. This
represents a plausible model, inspired by a comment by Marchini
et al. [22], which nevertheless differs from the prior used by the
SNPTEST software. In the third scenario, we assume a constant
OR of the causal SNPs of 1.2, and the fourth scenario additionally fixes the MAF of the causal SNPs at 0.15. Finally, we consider
the situation in which the effect size depends on MAF. It has been
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suggested that disease susceptibility loci may have larger effects
at smaller MAF [2]. To reflect this dependence, we assume the log
ORs of the causal SNPs are from a normal distribution N(0, W ),
where the variance W follows the formula suggested by Wakefield
[13]: W(MAF) = ␦0exp(– ␦1MAF). To choose parameters ␦0, ␦1 1
0, we assume that for rare Mlo and non-rare Mhi MAFs, there is an
upper bound ORulo 1OR hi
u on the prior for OR, above each of which
the OR lies with probability q. The variances at the rare and nonrare SNPs are then given by Wlo = [log(ORulo /⌽–1(1 – q))]2 and
–1
2
Whi = [log(OR hi
u /⌽ (1 – q))] . For our simulations, we use the following parameter values: q = 0.05, ORulo = 2, OR hi
u = 1.5, Mlo = 0.01
and Mhi = 0.3. The MAF of half of the causal variants is assumed
to be uniformly distributed U[0.01, 0.5], whereas the MAF of the
other half is fixed to 0.01.
For each of the different MAF and OR combinations, we simulate 1,000 datasets containing N = 2,000 cases/controls genotyped at 1,000 independent SNPs, 50 of which are assumed to be
causal with independent genetic effects.
We compare the performances of the p value, ABF (equation
4), prospective estimated ODP (equation 8) and retrospective estimated ODP (equation 12) to the true prospective and retrospective ODP. For the prior of the ABF, we assume that the log OR of
the causal SNPs has a N(0, 0.22) distribution. Following the optimality criterion of Storey [15], the goal is to maximize the ETP at
each fixed level of EFP. To investigate the performance of the
methods in terms of optimality, we define a range of thresholds,
 S for each ODP version,  ABF for ABF and  PV for p values, and
in each simulated dataset we count how many truly null SNPs
have ŜODP 6  S , ABF 6  BF and p value ^  PV. We can then obtain the EFP for each threshold and the expected false-positive
rate (EFPR) after dividing by the number of truly null SNPs. The
thresholds for the ODP may be different in each simulation scenario, so they are calculated separately each time. Using the
thresholds  S ,  BF and  PV that result in an EFPR of 5%, we count
the number of truly causal SNPs that have ŜODP 6  S , ABF 6  BF
and p value ^  PV. This yields the ETP and the corresponding
expected true-positive rate (ETPR) for a fixed EFPR of 5%.
We also compare the performance of the methods on sequence
data in which the SNPs are correlated and which includes rare
variants. We use 5 Mb of sequence data simulated by FREGENE
[23] in a population of 20,000 haplotypes using the modelling assumptions of Schaffner et al. [24] with demographic and evolutionary parameters approximating the history of Europeans. Details of the simulated population are given in Hoggart et al. [25].
The population has 176,652 polymorphic sites. From the population we sample 100 datasets of 1,000 cases and 1,000 controls. Because there are many rare variants in a population of European
descent, many sites become non-polymorphic. In our analyses, we
use all the polymorphic sites, of which there are 91,420 on average.
We select ten variants to be causal and assume an additive disease model between and within the genotypes at the causal sites
with a disease prevalence of 1%. We consider three simulation
scenarios: (a) the MAF of the causal SNPs and their log OR are
sampled from a uniform U[0.01, 0.05] and a Normal distribution
N(0, 0.22), respectively; (b) the MAF of the causal SNPs and their
OR are sampled from uniform distributions U[0.01, 0.05] and
U[1.3, 1.7], respectively, and (c) the MAF of the causal SNPs and
their OR are sampled from uniform distributions U[0.01, 0.05]
and U[2.2, 2.5], respectively.

Optimal Significance Testing of SNPs

Results

Independent SNPs
Results from the five simulation scenarios are shown
in tables 1–3. We show the ETPR given EFPR of 5% averaged over 1,000 replicates. We show results from the ODP
when all weights in the denominator are set to 1 (table 1),
when weights are based on Fisher’s exact test setting the
weight to 0 for the 5% most significant SNPs and 1 otherwise (table 2), and when the same weights are introduced in the numerator too (table 3). Note that the ABF
uses the correct prior only in the first scenario. From tables 1–3, we observe that indeed the true ODP is never
outperformed, and the true retrospective ODP performs
better than the prospective version. However, there is little difference between the estimated versions, with a noticeable advantage for the retrospective version only in
the scenario with OR depending on MAF. Overall, the
ODP with weights in the numerator as well as the denominator does not perform as well as the other versions.
Furthermore, the estimated ODP offers advantages over
p values and ABFs only in the extreme scenario in which
both MAF and OR are fixed. In the more realistic scenarios, the estimated ODP has similar power to p values
and ABFs. Also, it is interesting to note that the ABF is
robust to the choice of prior, as it is powerful in all situations considered here and not only when its prior distribution matches the distribution of the log OR. Moreover,
we observe that, although the ABF is more interpretable
than the p value, both are equally powerful for the situations considered here. Note that power is estimated here
at a fixed EFPR of 5%. We also examine the performance
of the methods as the EFPR varies between 1 and 20%,
with the results shown in figure 1. We observe similar
characteristics across the range of EFPR, notably that the
true ODP is the most powerful for any EFPR, whereas the
estimated ODP has similar power to the p values and
ABFs.
We also examine the rankings of SNPs given by the
different approaches. In online supplementary table 1,
we give Spearman’s rank correlation coefficient between
the methods averaged over the 1,000 replicates simulated
under each scenario (for all online suppl. material, see
www.karger.com/doi/10.1159/000323518). Results from
the ODP are with all weights in the denominator set to
1; results including weights as above were very similar
(data not shown). The correlation is calculated for all
SNPs, for the top 50-ranking SNPs by each method, and
for the remaining 950 bottom-ranking SNPs. In general,
the correlation coefficients calculated for the top-rankHum Hered 2011;71:37–49
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Table 1. ETPR (%) (and standard error) for 5% EFPR over 1,000 replicates simulated under five different scenarios

MAF: U[0.01, 0.5]
logOR(Aa): N(0, 0.22)
PV
BF
rS
pS
rTS
pTS

53.61 (0.14)
53.38 (0.14)
52.97 (0.15)
53.40 (0.14)
56.22 (0.16)
53.76 (0.14)

U[0.01, 0.5]
E(1/log(1.2))

0.15
log(1.2)

U[0.01, 0.5]
log(1.2)

∝ MAF

U[0.01, 0.5]

51.79 (0.12)
51.59 (0.12)
51.43 (0.13)
51.53 (0.12)
55.19 (0.15)
55.51 (0.13)

85.18 (0.17)
84.95 (0.17)
87.93 (0.14)
86.15 (0.16)
96.72 (0.08)
90.71 (0.14)

87.61 (0.12)
87.99 (0.13)
87.01 (0.13)
87.11 (0.11)
89.59 (0.14)
92.44 (0.10)

19.81 (0.14)
19.92 (0.14)
19.41 (0.15)
15.36 (0.11)
25.63 (0.12)
19.95 (0.14)

Results from the ODP are with all weights in the denominator set to 1. rS = ODP estimated using the retrospective likelihood;
pS = ODP estimated using the prospective likelihood; rTS = true ODP calculated using the retrospective likelihood; pTS = true ODP
calculated using the prospective likelihood.

Table 2. ETPR (%) (and standard error) for 5% EFPR over 1,000 replicates simulated under five different scenarios

MAF: U[0.01, 0.5]
logOR(Aa): N(0, 0.22)
PV
BF
rS
pS
rTS
pTS

53.82 (0.14)
53.80 (0.14)
53.40 (0.14)
53.42 (0.14)
56.78 (0.16)
54.03 (0.14)

U[0.01, 0.5]
E(1/log(1.2))

0.15
log(1.2)

U[0.01, 0.5]
log(1.2)

U[0.01, 0.5]
∝ MAF

52.52 (0.13)
52.16 (0.12)
51.90 (0.13)
52.12 (0.12)
54.88 (0.12)
55.01 (0.13)

84.42 (0.17)
84.26 (0.17)
89.92 (0.17)
86.14 (0.16)
96.66 (0.08)
91.81 (0.17)

87.56 (0.12)
87.84 (0.13)
87.04 (0.13)
87.11 (0.11)
89.54 (0.14)
91.54 (0.10)

19.34 (0.14)
19.28 (0.14)
19.08 (0.15)
17.36 (0.14)
25.26 (0.12)
20.86 (0.14)

Results from the ODP are with denominator weights based on the top 5%-ranking SNPs by Fisher’s exact test. rS = ODP estimated
using the retrospective likelihood; pS = ODP estimated using the prospective likelihood; rTS = true ODP calculated using the retrospective likelihood; pTS = true ODP calculated using the prospective likelihood.

Table 3. ETPR (%) (and standard error) for 5% EFPR over 1,000 replicates simulated under five different scenarios

MAF: U[0.01, 0.5]
logOR(Aa): N(0, 0.22)
PV
BF
rS
pS
rTS
pTS

53.82 (0.14)
53.80 (0.14)
53.04 (0.15)
53.31 (0.14)
56.78 (0.16)
54.03 (0.15)

U[0.01, 0.5]
E(1/log(1.2))

0.15
log(1.2)

U[0.01, 0.5]
log(1.2)

U[0.01, 0.5]
∝ MAF

52.52 (0.13)
52.16 (0.12)
51.01 (0.13)
52.07 (0.13)
54.88 (0.12)
55.01 (0.13)

84.42 (0.17)
84.26 (0.17)
96.04 (0.17)
88.14 (0.15)
96.66 (0.08)
91.81 (0.15)

87.56 (0.12)
87.84 (0.13)
85.68 (0.13)
87.43 (0.12)
89.54 (0.14)
91.54 (0.11)

19.34 (0.14)
19.28 (0.14)
18.38 (0.16)
17.38 (0.13)
25.26 (0.12)
20.86 (0.13)

Results from the ODP are with weights also introduced into the numerator. rS = ODP estimated using the retrospective likelihood;
pS = ODP estimated using the prospective likelihood; rTS = true ODP calculated using the retrospective likelihood; pTS = true ODP
calculated using the prospective likelihood.
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15

20

Fig. 1. ETPR (%) for a range of EFPR (%) over 1,000 replicates
simulated under five different scenarios. Results from the ODP
are with denominator weights based on the top 5%-ranking SNPs
by Fisher’s exact test. Top left: MAF ⬃ U[0.01, 0.5], logOR(Aa) ⬃
N(0, 0.22). Top right: MAF ⬃ U[0.01, 0.5], logOR(Aa) ⬃ E(1/
log(1.2)). Middle left: MAF = 0.15, OR(Aa) = 1.2. Middle right:
MAF ⬃ U[0.01, 0.5], OR(Aa) = 1.2. Bottom: MAF ⬃ U[0.01, 0.5],
logOR(Aa) ∝ MAF. rS = ODP estimated using the retrospective
likelihood; pS = ODP estimated using the prospective likelihood;
rTS = true ODP calculated using the retrospective likelihood;
pTS = true ODP calculated using the prospective likelihood.
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Table 4. ETPR of the ODP estimated using the retrospective likelihood for 5% EFPR over 1,000 replicates

k%: 0
MAF U[0.01, 0.5], logOR N(0, 0.22)
MAF U[0.01, 0.5], logOR E(1/log(1.2))
MAF 0.15, OR 1.2
MAF U[0.01, 0.5], OR 1.2
MAF U[0.01, 0.5], logOR ∝ MAF

52.97
51.43
87.93
87.01
19.41

2

5

7

20

53.22
52.02
88.80
87.06
18.92

53.40
51.90
89.92
87.04
19.08

53.50
52.08
90.26
87.08
19.18

53.44
51.56
91.12
86.92
19.40

Weights introduced in the denominator of the ODP are based on the top k%-ranking SNPs by Fisher’s exact test.

Table 5. ETPR of the ODP estimated using the retrospective likelihood for 5% EFPR over 1,000 replicates

k%: 0
MAF U[0.01, 0.5], logOR N(0, 0.22)
MAF U[0.01, 0.5], logOR E(1/log(1.2))
MAF 0.15, OR 1.2
MAF U[0.01, 0.5], OR 1.2
MAF U[0.01, 0.5], logOR ∝ MAF

52.97
51.43
87.93
87.01
19.41

2

5

7

20

52.95
51.45
89.45
86.96
19.36

52.97
51.44
90.66
87.00
19.40

53.02
51.45
91.00
87.02
19.35

52.91
51.38
91.78
87.00
19.10

Weights introduced in the denominator of the ODP are based on the top k%-ranking SNPs by the genotypic association test.

ing SNPs tend to be higher than the ones calculated using
all or the bottom-ranking SNPs. Therefore, as well as
having similar power, the rankings returned by the various methods are similar for the causal SNPs, whereas
they rank the null- or the lower-signal SNPs differently.
In particular, we observe that overall, there is high correlation between the rankings given by p values and
ABFs. The rankings between the different estimated
ODP methods are also quite similar in general, as well as
those of the estimated ODP compared to p values and
ABFs. However, the correlation of the rankings from the
true ODP and the other approaches tends to be low when
the correlation coefficient is calculated for all SNPs or for
the bottom-ranking SNPs. These correlation coefficients
are much improved when they are calculated for the top
50-ranking SNPs.
Sensitivity to Weight Specification
To estimate the weights ˆ in the estimated ODP, we
assume that k% of the SNPs have a true association with
the trait, so the top k% SNPs ranked by Fisher’s exact test
are given ˆ = 0 and the rest have ˆ = 1. To investigate the
effect of weights, we vary k between 0–20% and compare
44
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the ETPR of the retrospective estimated ODP at 5% EFPR
(table 4). We observe that for reasonable values of k, there
are no significant differences in the results. We also estimated the weights by ranking the SNPs according to the
genotypic test instead of Fisher’s exact test (table 5). The
results indicate that there are no significant differences in
the true-positive rate of the ODP when the weights are
estimated using Fisher’s exact test versus the genotypic
test. This could be explained by the fact that, although the
ranking of SNPs from different univariate tests is not
identical, the ranking of the top SNPs tends to be similar
with most differences in ranking occurring towards the
middle or bottom, where there is less evidence of association among the SNPs.
Sequence Data
Table 6 shows the ETPR corresponding to 5% EFPR for
the three simulations based on sequence data. ODP is estimated using the retrospective likelihood with weights
based on the top 0.5% SNPs ranked by Fisher’s exact test.
We observe that there is now a systematic advantage of
the ABF and ODP over the p value, and the ABF seems to
perform slightly better than the ODP. This advantage
Tachmazidou /De Iorio /Dudbridge

Table 6. ETPR (%) (and standard error) for 5% EFPR over 100 replicates of sequence data simulated with ten causal variants and 1,000
cases/controls

MAF: U[0.01, 0.05]
logOR(Aa): N(0, 0.22)
PV
BF
rS

27.50 (1.559)
36.50 (1.617)
33.50 (1.438)

U[0.01, 0.05]
log(U[1.3, 1.7])

U[0.01, 0.05]
log(U[2.2, 2.5])

U[0.01, 0.5]
N(0, 0.22)

69.70 (1.514)
77.80 (1.292)
77.90 (1.282)

98.40 (0.369)
99.10 (0.287)
98.80 (0.327)

53.60 (1.618)
55.80 (1.671)
59.80 (1.676)

rS = ODP estimated using the retrospective likelihood with denominator weights based on the top 0.5%-ranking SNPs by Fisher’s
exact test.

seems to arise from the lower frequency of the causal
SNPs. More precisely, the advantage is due to the combination of MAF and sample size that leads to low power
for individual rare SNPs. We obtained identical results by
increasing the MAF and decreasing the sample size proportionally (data not shown), and therefore expect similar results for rarer SNPs tested in larger samples.
We also simulated 100 datasets in which the MAF of
the causal SNPs has a uniform distribution in the range
of 0.01 and 0.5, and their log ORs are from the Normal
distribution N(0, 0.22), which is the first scenario considered in the section on independent SNPs. The results (table 6) indicate a small but significant advantage of the
ODP over ABF and the p value, with the p value having
the worst performance. This is in contrast to our results
for independent SNPs (tables 1–3) in which the three
methods had similar power. The ODP has succeeded by
borrowing strength from the correlation structure in the
data, and this is possibly more likely for common causal
SNPs than rare ones.
In online supplementary table 2 we report Spearman’s
rank correlation coefficient between the methods averaged over the 100 replicates. The correlation coefficient is
calculated for all SNPs, for the top 50-ranking SNPs and
for the remaining SNPs. We observe that the rankings of
p values and ABFs are comparable, especially for the topranking SNPs. However, those given by the estimated
ODP are very dissimilar to those from both p values and
ABFs when the correlation coefficient is calculated for all
SNPs or for the bottom-ranking SNPs. These correlation
coefficients are much improved when they are calculated
for the top 50-ranking SNPs. These results are similar to
those for independent SNPs, and again indicate high concordance between methods for truly associated SNPs.
We also examine the performance of the methods as
the EFPR varies between 1 and 20%. The results are

shown in figure 2 and illustrate that the estimated ODP
has higher ETPR than both p values and ABFs for values
of EFPR 610%. In particular, it can be observed that the
ETPR of the ABF does not increase appreciably for values
of the EFPR 15%. This is due to the effect of many rare
variants present in the sequence data, for which the sampling variance V in equation 4 is much larger than the
prior variance W, leading to an ABF near 1. This leads to
a portion of the null distribution of the ABF over which
it is nearly constant, and the ETPR is therefore also nearly constant. In general, the portion of the null distribution showing this behaviour will depend on the genomic
structure, but ours was chosen to be typical of Europeans.
The ODP avoids this problem, because it takes into account the distribution of MAF over the whole set of SNPs,
whereas ABF and p values only consider the MAF of the
tested SNP. We also observed similar behaviour for the
more accurate BF calculated by the SNPTEST software
(not shown).
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Discussion

The main motivation for using the ODP is that it explicitly exploits multiplicity by pooling information
across SNPs when conducting multiple inferences in order to gain extra power compared to p values and ABFs.
The ODP provides a theoretically optimal procedure
against which any other method can be compared. However, it requires the specification of the true likelihood
functions for each SNP, which are largely unknown in
practice. Therefore, the ODP must be estimated, and the
main question we addressed is whether the optimality of
the ODP is retained by the estimated ODP.
Our simulations indicate that although the true ODP
is never outperformed, the estimated ODP has similar
45
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Fig. 2. ETPR (%) for a range of EFPR (%) over 100 replicates of sequence data simulated with ten causal variants
and 1,000 cases/controls. Top left: MAF ⬃ U[0.01, 0.05], logOR(Aa) ⬃ N(0, 0.22). Top right: MAF ⬃ U[0.01,
0.05], OR(Aa) ⬃ U[1.3, 1.7]. Bottom left: MAF ⬃ U[0.01, 0.05], OR(Aa) ⬃ U[2.2, 2.5]. Bottom right: MAF ⬃
U[0.01, 0.5], logOR(Aa) ⬃ N(0, 0.22). rS = ODP estimated using the retrospective likelihood with denominator
weights based on the top 0.5%-ranking SNPs by Fisher’s exact test.

power to p values and ABFs in realistic situations, although it does better when the effects have an unexpected distribution. The ODP shows a small improvement in
power over ABFs when SNPs are in LD, and ABFs in turn
have slightly higher power than p values. In the analysis
of rare SNPs, the ODP exhibits noticeable improvements
in power compared to ABF and p values for EFPR 610%,
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whereas it performs at least as well as the ABF for EFPR
^5%. We observed good operating characteristics of the
ABF. It seems to be robust to the choice of prior, as it performs well for all OR distributions considered. Furthermore, although the ABF is an asymptotic result, we
found it to be powerful for rare SNPs. In fact, we did not
significantly improve power by using more accurate BFs
Tachmazidou /De Iorio /Dudbridge

calculated by the SNPTEST software [4] (results not
shown).
In this work, we describe how the ODP can be used for
significance testing of SNPs in case-control studies. The
procedure we employ is straightforward to implement, as
it uses maximum likelihood estimates of parameters of interest, which can be easily obtained by a logistic regression
performed separately on each SNP. We make the distinction between ODP based on prospective and retrospective
likelihoods. The former is conveniently implemented in
standard software, whereas the latter correctly models the
sampling scheme of a case-control study. For single SNP
analysis, the OR estimators from prospective and retrospective models are the same [19], and we wanted to examine whether this also applies to the ODP. Our results show
that although the true retrospective ODP performs better
than the prospective version, there is little operational difference between the estimated versions, and the prospective version could be used to little detriment.
The calculation of the ODP is computationally demanding. The ODP of a single SNP involves computation
of the null and alternative likelihoods over all the SNPs
in the whole dataset, and this can prove impractical for
genome-wide studies. Indeed, our simulations considered a much reduced number of SNPs compared to a
GWAS, precisely because of the computational issue.
Simulation is required to determine an ODP threshold
for a given false-positive rate, further increasing the computational load. The significantly higher computational
effort required by the ODP, combined with the fact that
its power is comparable to that of the ABF for common
variants, means that there seems little reason to favour it
over the ABF, especially for GWAS. However, when there
are a lot of rare SNPs in the region under investigation,
the ODP may have more power than the ABF at certain
false-positive rates.
Improved performance of the ODP could be obtained
by improving its estimation. We have described an implementation of the ODP for case-control association studies, based on maximum likelihood estimation performed
separately for each SNP. It is well known that this approach produces more variable estimates for the ensemble of SNPs than simultaneous estimation based on a penalized likelihood, using techniques such as ridge regression or Lasso. Such methods have been used for GWAS
[25] and could provide better estimates of the ODP as
they analyze all SNPs simultaneously. Cao et al. [26] develop this idea in a Bayesian framework by using a shrinkage prior on variance components, with the posterior
means from the Bayesian model used in the ODP. Their

approach is more powerful than the ODP in the gene
expression analysis setting, in which the number of
replicates is small. Thanks to the conjugacy of the model,
the Bayesian ODP is relatively computationally efficient,
though still more intensive than the ODP based on univariate maximum likelihood. These approaches are a
promising direction for further development of the ODP
for large-scale genetic association studies.
Compared to our results, Storey et al. [16] show greater gains in power when using the ODP in microarray
studies of gene expression. A possible explanation for this
difference in ODP performance could be the different
correlation structure of gene expression data compared
to SNP data. Another likely explanation is that the sample
sizes used by Storey et al. [16] were considerably smaller
than those we considered for genetic association studies.
In that case, there is more to be gained by borrowing information across tests, as we also found when considering
rare variants: our results in that case are more comparable to those of Storey et al. [16], but we also found that the
ABF had similarly increased power.
Storey [15] bridges the gap between the frequentist
ODP and Bayesian hypothesis testing by comparing the
ODP to a Bayes rule, and describes how the ODP can be
interpreted as an empirical BF. It is therefore not surprising that its power is similar or slightly worse than that of
an analytic BF (asymptotic or not) for common SNPs and
when the prior for the BF is well specified. Similarly, as
our results bear out, the ODP has greater power than an
ABF when the true distribution of effects is very unexpected, or for very rare SNPs.
Guindani et al. [27] propose a Bayesian discovery procedure as a generalization of the Bayes rule and the ODP.
Compared to the ODP, their approach amounts to a more
sophisticated way of choosing weights. Marginal improvement in inference was shown for microarray expression data, and an application of this approach to casecontrol data should also yield modest benefits. However,
the Bayesian discovery procedure is yet more computationally intensive than the ODP.
The selection of SNPs to follow up can be based on
ranking as well as on statistical significance. The optimality of the ODP is established as a thresholding procedure,
but not necessarily for ranking. We found the rankings of
the methods considered to be very highly correlated, with
similar numbers of true positives within the top-ranking
SNPs. While there are other methods with potentially
better performance for ranking [28], the fact that ODP,
ABF and p values may be used for both ranking and
thresholding is an attractive property of these methods.
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We have shown that for association studies of common
SNPs, there is little difference in power whether the SNPs
are tested by p value, ABF or ODP. Furthermore, in our
simulations, there were no differences in the variance of
the number of true positives either, so that overall, there
is little to choose between the methods in terms of power.
As the ABF can be computed more rapidly, it is our currently preferred method for common variants.
Nevertheless, the higher power of the ODP when all
parameter values are known suggests that improved multivariate estimators of the ODP could yet yield more powerful approaches for significance testing of SNPs in association studies. Moreover, for rare SNPs, there are gains
in power to be obtained from ODP compared to the ABF
and p value. This should prove important with the currently increasing interest in testing very rare SNPs observed in whole-sequence data.
Appendix
Prospective ODP with Variable Sampling Ratio
The intercepts ␤0m in equation 8 are a function of the sampling
ratios, population prevalence, genotype frequencies and ORs, but
the sampling ratio for SNP m is not expected to be informative for
ˆ 0m and ␤
ˆ 0m
the OR of SNP j. Therefore, using the naive values of ␤
in the ODP for SNP j is likely to mis-specify the distributions used
in equation 8 and therefore reduce its power.

ˆ 0m using the OR and genotype
Instead, we suggest adjusting ␤
frequency of SNP m but the sampling ratio of SNP j. The adjusted
ˆ *0m, is obtained as the solution to
intercept, denoted ␤
rj 

exp ␤ˆ 0* m
ˆ*
exp ␤
0m

1

exp ␤ˆ 0* m
1

ˆ*
exp ␤
0m
exp ␤ˆ 0* m

1

ˆ*
exp ␤
0m

ˆp0m

␤ˆ 1m
␤ˆ 1m
2␤ˆ 1m
ˆ
2␤
1m

p̂1m

p̂2m

(16)

where rj is the sampling ratio for SNP j and (p̂0m, p̂1m, p̂2m) are
the estimated marginal genotype frequencies in the ascertained
sample.
ˆ *0m in equation 8 yields the adjusted prospective ODP,
Using ␤
given by
M
 m  1 L ␤ˆ 0* m , ␤ˆ1m ; x j
adj
(17)
ŜODP x j 
M
 m  1ˆ mL ␤ˆ 0 m* , 0; x j
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